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By  introducing charge asymmetry as a new dynamical collective coordinate in the asym- 
metric two-center  shell model, the nuclear charge dispersion in the fission of  236~  is 
calculated without using any free parameter.  The agreement between theory and experi- 
ment is quite good. 
For the distribution of  nuclear charge in fis- 
sion, a number of  empirical hypotheses such as 
that of  equal charge distribution,  unchanged 
charge density, and minimum potential energy 
have been proposed in the past by various au- 
thors.'  Only recently,  Holub,  Mustafa,  and 
Schmitt2 have calculated the potential energy sur- 
face for the charge vibration in 236U  by using the 
two-spheroid liquid-drop  model of  Nix and Swia- 
tecki and including the shell effects calculated in 
the Strutinsky pre~cription.~  The single-particle 
states used to calculate the shell correction are 
those of  a one-center  Nilsson-type  oscillator.  In 
this paper we develop a theory for the charge dis- 
persion  in nuclear fission by using the concept 
of  the charge-asymmetry coordinate treated as  a 
dynamical coordinate in  the asymmetric two-cen- 
ter shell model7ATCSM).  The theory is applied 
to the fission of  236U  and there is no  free param- 
eter to be fitted. 
We consider the protons and neutrons as moving 
in two separate single-particle potentials of  the 
ATCSM (Fig. 1)  and define the proton- and neu- 
tron-asymmetry coordinates,  respectively,  as 
Zl, Z,  and NI, N,  are the respective proton and 
neutron numbers of  the fragments obtained from 
the geometrical sizes of  the fragments.  The to- 
tal volumes occupied by the Z  (=Zr  + 2,)  protons 
and the N (=NI  + N,)  neutrons are  assumed to be 
the Same.  The coordinates tZ  and  kN are, how- 
ever,  related to the mass-asymmetry coordinate 
5, 
and thus any two of  these three coordinates are 
sufficient for treating as  dynamical coordinates 
in the ATCSM.  The other four coordinates used5" 
to define the nuclear shape and thus the param- 
eters of  our potential are the total length of  the 
nucleus h (= 1/2R,),  or  the distance R  between the 
centers of  mass of  the two fragments, the defor- 
mations ßl  and ß„  and the necking-in parameter 
Fragment  1  Fragment  2 
I  ZR,h  =. 
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E  shown in Fig. 1. 
The collective Hamiltonian is then written as 
We obtain the collective potential V from the single-particle levels ci(X7  B, 5, 5,)  of  the ATCSM by  re- 
normalizing the sum 
in the Strutinsky method3 to the liquid-drop model of  Myers and SwiateckiQ  with a modified surface- 
asymmetry constant.1° 
The mass parameters Bij  in the kinetic energy are consistently calculated by using the cranking for- 
mula in the BCS formalism6-': 
where Ep  and  E",  are  the quasiparticle energies and Pij  is a small correction term which accounts for 
the change of  the Fermi surface and the energy gap due to deformation.ll 
Since in the fission process the motion in X  is at least approximately adiabatically slow compared to 
the motion in E  and ß,  and in order to simplify the problem,  we minimize the potential in E,  ßl,  and ß, 
at each value of  h,  5,  and  5,.  By  that we avoid a dynamical treatment in  the coordinates E,  ßl,  and P,. 
Thus the collective energy can be written as 
where the masses are functions of  h,  5,  and  5,. 
For the spontaneous fission and for the fission through the barrier, the motion in X  is slow after the 
system has tunneled through the barrier and has first begun to run down the Coulomb potential.  There- 
fore,  similarly as  for the 5 rnotion,'  we assume that the 5,  motion is fast compared to the h motion. 
Further.more the potential has the characteristic that it remains nearly constant in its dependence on 
5  and  5,  at later stages of  h,  SO  that the main behavior of  the distribution should be fixed at h values 
just after the penetration of  the barrier has occurred6-%  (see also Mustafa,  Mosel,  and Schmitt12).  As- 
suming complete adiabaticity, we can regard h as a time-independent  parameter.  Also the coupling 
between the 5  and  5,  motion is weak,  so that we can treat the 5 and  5,  motion as uncoupled  in first ap- 
proximation.  The charge dispersion is then determined as a function of  5,  for the fixed h and  5 values. 
The stationary Schrödinger equation,  in which the coordinates h and  5  enter only as parameters,  is 
given by 
The X  and  5 dependences also enter through the 
mass parameters.  The states  are vibra- 
tional states in the potential V and are counted by 
the quantum number  V=  0,17  2, . .  . .  In spontane- 
ous fission, for complete adiabaticity and start- 
ing from the nuclear ground state, only the low- 
est vibrational state v=O may be occupied.  How- 
ever. for fission from excited states or  because 
of  interaction between X,  5,  and  5,  degrees of 
freedom, higher states in tZ  will become excited. 
As a first study we conisider the possible conse- 
quences of  such excitations by assuming a Boltz- 
mann-like occupation of  excited states: 
- 
I  where O is the nuclear temperature, relaied ap- 
proximately to the excitation energy.13  In a more 
complete treatment of  the nuclear-temperature 
effects one has also to use a cranking formula 
for the mass parameters generalized for finite 
temperatures. 
The probability for finding a certain charge 
fragmentation 5,  at the position h and  4  on the 
fission charge-dispersion path is  proportional to 
I+XE(5z)(2.  This probability is scaled to a frac- 
tional charge yield Y at a charge number Zl of 
one fragment (dt, = 2/2). VOLUME  35,  NUMBER  6  PHYSICAL REVIEW LETTERS  11 AUGUST  1975 
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and can be compared directly with the experi- 
ments. 
As a first application of  the theory, we have 
made calculations for the charge distribution in 
the fission of  236~  for the mass fragmentions  151 
= 0.195 and  151 = 0.20,  which for the spontaneous 
fission refer to the mass chains Al  = 141, A, = 95 
and Al  = 142, A,  = 94,  respectively. 
Figure 2 gives the potential energy V and the 
mass parameters Bij  for 2S6U  as a function of  5, 
and 2, for h = 1.8 and  5 = * 0.1 95 minimized in the 
three-dimensional space of ß„  P„  and C.  In 
these examples we obtain the interesting result 
that the potentials show single deep minima at 5, 
=*0.195.  Hence Eq.  (2)  yields  5=  5,=  5,  at the 
minima.  It should be remembered that protons 
and neutrons are considered to be moving in two 
separate ATCSM potentials,  though we find that 
for a given 5, the 5, and the corresponding 5,  re- 
sult in shapes which are  not very different.  This 
is illustrated in Fig. 1 for 5, = 0.10 and  4, = 0.256. 
These values refer to .$  = 0.195,  for which the nu- 
clear shape, not plotted in Fig. 1, lies in between 
these two surfaces.  This result suggests that the 
charge-dispersion effects in fission are only of 
small orders, which is a known experimental 
fact.'  Thus for comparison with experiments 
only a very small region of  the potential and the 
mass parameters in the neighborhood of  the po- 
tential minima play a significant role in the cal- 
culation of  fractional charge yield.  This reduces 
the importance of  the otherwise large oscillations 
in the mass parameters shown in Fig. 2.  Fur- 
ther,  the coupling mass parameter BA„  is small 
and the relation Bk „'  «  B„B  ,Z  EZ  holds well 
such that the coupling term proportional to BxEz 
in (5) can be neglected like the terms proportion- 
al to BA,  and  B  Calculations for 151  = 0.20 
yield the same results. 
The calculated fractional charge yield Y is 
plotted in Fig. 3 for both  151  = 0.195 and  151 = 0.20 
and for several temperatures.  The calculated 
charge-dispersion  curves show Gaussian func- 
tional form,  independent of  the nuclear tempera- 
ture.  Both these results are in agreement with 
experiment:  Empirically, the experimental data 
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FIG. 2.  Charge dispersion potential and the mass pa- 
rameters in units of  nucleon mass, for 236~  at elonga- 
tion h-1.8  and mass asymmetries 5 =&0.195. 
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FIG.  3.  Theoretical charge dispersion curves for the 
mass asymmetries  1 [  I=  0.195  (mass chains 141 and 95) 
and  1 [  1 = 0.20  (mass chains 142 and 94) in the sponta- 
neous fission of  236~.  Nuclear temperatures with O  7 
MeV give no visible changes in the dispersion curves. 
The experimental data ('Ref. 14) are plotted for the 
mass chains 141 and 142. PHYSICAL REVIEW LETTERS 
on independent fractional charge yields for a giv- 
en mass chain  are represented by  a Gaussian 
function 
which is characterized by the most-probable 
charge 2, and the width c of  the distribution, 
which is observed to be insensitive to the excita- 
tion energy for excitation energies less than 
about 40 MeV  (Ref. 1). The experimental data14 
shown in Fig. 3 are for the mass chains Al = 141 
and 142.  For the lighter-mass  chains A, = 95 and 
94 the experimental data are not known.  The em- 
pirical values14 of  Z, for the mass chains 141 and 
142 are, respectively,  54.97 and  55.36 and the 
width is c = 0.9 h0.1 for both the chains.  Our the- 
oretical curves are peaked around Z = 55 and  55.2, 
respectively,  fixed mainly by the potential,  and 
have widths of  the order of  the experimental val- 
ues. 
In order to study the question of  whether the 
charge dispersion is influenced by the shell ef- 
fects (shell plus pairing corrections) or not,  we 
have calculated the dispersion curve with the 
liquid-drop potential for 5 =* 0.195  (dashed curves 
of  Fig. 2).  The results for this calculation are 
shown by the dashed curve in Fig.  3, which pre- 
sents a somewhat improved agreement with ex- 
periment.  However,  we might mention that the 
experimental data plotted are measured by  the 
thermal-neutron fission of  235~  whereas our cal- 
culations refer to the spontaneous fission.  We 
have also tested the effect of  large oscillations 
in mass parameters on the charge dispersion and 
found that it is sensitive to the detailed oscilla- 
tions of  the mass parameters.  The width of  the 
peak is increased when B Ez  Ez  is replaced by a 
constant BEZ  EZ value.  Hence,  for a better quan- 
titative comparison the calculations of  particular- 
ly the mass parameters have to be carried out to 
a further accuracy. 
In conclusion,  firstly we notice that for all the 
examples of  charge dispersion studied here,  our 
calculations support the hypothesis of  unchanged 
charge distribution where  5 = tZ  =  This, how- 
ever, should not be taken as a general result of 
our theory.  Applications of  our theory to other 
mass chains where the hypothesis of  unchanged 
charge distribution shows deviations between the 
mass and charge asymmetries are in Progress. 
Secondly,  there will certainly be some depen- 
dence of  our calculated charge dispersion on the 
time-dependent  treatment of  the elongation h. 
The authors would like to thank Dr. J. Maruhn 
for many useful discussions and suggestions. 
*Senior Fellow of Alexander von Humboldt-Stiftung, 
and on leave of  absence from Kurukshetra University 
Regional Centre for Post-Graduate  Studies , Rohtak, 
India. 
'R.  Vandenbosch and J. R. Huizenga, Nuclear Fission 
(Academic, New York,  1973). 
'R.  Holub,  M.  G.  Mustafa,  and H. W.  Schmitt, Nucl. 
Phys. 9,  252 (1974). 
3~.  M. Strutinsky, Nucl.  Phys. E,  420  (19671,  and 
A122,  1 (1968). 
4~.  Maruhn and W.  Greiner,  Z. Phys.251,  431 (1972). 
5~.  J. Fink, J. Maruhn, W.  Scheid, and W.  Greiner, 
Z. Phys. 3,  321 (1974). 
6~.  J. Fink,  W.  Greiner, R. K.  Gupta, S. Liran, 
J. Maruhn,  W.  Scheid, and 0. Zohni,  in Proceedings 
of  the International Conference on Reactions  between 
Com@lex  Nuclei, Nashville,  1974  (North-Holland,  Am- 
sterdam, 1974), Vol.  11,  p.  21. 
'H.  J. Fink, W.  Greiner, R. K. Gupta,  S. Liran, 
J. Maruhn, E. D.  Mshelia,  H. J. Scheefer, W.  Scheid, 
and 0. Zohni,  in Proceedings of the International Sum- 
mer  School of Nuclear Physics, Predeal, Rumania, 
4-13  September 1974 (to be published); R. K.  Gupta, 
W.  Greiner, and W.  Scheid, ibid. 
'J. Maruhn and W.  Greiner, Phys. Rev. Lett. 32, 548 
(1  974). 
9~.  D.  Myers and W.  J. Swiatecki, Ark. Fiz. 36, 343 
(1967). 
''T.  Johansson, S. G.  Nilsson, and Z. Szymanski, Ann. 
Phys. (Paris) 5, 377 (1970). 
''M.  Brack, J. Damgaard,  A.  S. Jensen, H.  C. Pauli, 
V. M.  Strutinsky, and C. Y. Wong,  Rev. Mod.  Phys. 44, 
320  (1972). 
12M. G.  Mustafa, U.  Mosel,  and H. W.  Schmitt,  Phys. 
Rev. C 7,  1519 (1973). 
13~.  J. LeCouteur and D.  W.  Lang, Nucl.  Phys. i3,  32 
(1959). 
14A. C. Wahl,  R. L. Ferguson, D. R. Nethaway,  D. E. 
Troutner, and K.  Wolfgang,  Phys. Rev. 126,  1112 
(1962). 